Introduction
The traveling wave tube (TWT) is a key element in telecommunication systems, satellite-based transmitters, military radar, electronic countermeasures, and communication data links. Variations in performance due to finite fabrication tolerances in the manufacturing process can lower the fraction of TWTs that meet specifications and drive up the cost of manufacturing. These errors produce proportionately larger perturbations to the circuit as the circuit size is reduced. Their effects on the small signal gain and output phase have been studied by Pengvanich et. al. [1] who considered the evolution of the three forward waves in a TWT in which the Pierce parameters vary randomly along the tube axis. A peculiar feature of the results in Ref. [1] is that, in the statistical evaluation of a large number of samples with random errors in the circuit phase velocity, a significant number of these samples show an output gain that is higher than the corresponding error-free tube. It is this intriguing feature that prompted us to analyze the expectation values of the gain and phase reported in this paper. As we shall see shortly, we provide an explanation of this statistical feature in this paper. We also extend Ref. [1] to include AC space charge effects and non-synchronous interactions. We shall ignore the effects of the reverse propagating circuit wave, which we recently analyzed [2] .
The standard deviations in the gain and in the output phase, which were analytically calculated in Ref. [1] , required only an account of the first order effects of random errors. The expected mean of the output gain and phase, which is our focus here, requires consideration of the second order effects of random errors, and is therefore more difficult to evaluate. Since deviation from the mean (a second order effect) is much less than the standard deviation (a first order effect), a significant number of the samples in a statistical analysis would naturally show an output gain that is higher than the corresponding error-free tube, as observed in [1] .
Model
We use three approaches to analyze this problem. The first approach, called the "perturbative" approach, is analytical where we apply successive perturbations on all three forward waves. The second approach, called the "Riccati" approach, is also analytical where we consider only the evolution of the complex wave number of the dominant, growing mode. The third approach is called the "numerical" approach, where we numerically integrate the governing differential equation (at least) 5000 times using as many random samples in the coefficients that represent random axial variations in the circuit phase velocity. Comparison of these three approaches is presented. All three approaches are based on Pierce's theory except that the assumption of axial uniformity in the circuit parameters has been relaxed [1] . A third order ordinary differential governing equation is obtained. The most important non-uniformity enters through the Pierce velocity mismatch parameter b, which characterizes the difference between the cold circuit phase velocity and the electron beam velocity. The profile for the parameter b as a random function of z with a mean value of b 0 and a standard deviation of σ b , is shown in Fig. 1 . In the numerical approach, the third order ordinary differential equation is 978-1-4673-5977-1/13/$31.00 ©2013 IEEE numerically integrated with a random b(z), similar to Fig. 1 , 5000 times and the mean and standard deviation values for gain and phase are then calculated.
The perturbative approach [3] yields,
where G 1 and θ 1 are the variations in gain and phase, respectively, from the error free value (see Fig. 1 ), C is Pierce's dimensionless gain parameter, Δ is the correlation length defined as x/N, x is the normalized tube length, N is the number of evenly spaced nodes in the profile of b, and P(x) is a function that depends only on the error free solution to the governing equation.
The Riccati approach [3] yields,
where λ is a complex constant that is obtained from the Pierce dispersion relation for an error-free tube. Figure 2 shows the variation in gain and in phase for two cases where the velocity mismatch parameter is non-zero, but assuming zero space charge effects (QC = 0). All three methods are in reasonable agreement. Figure 3 shows our results for the G-band (210 GHz) TWT studied in [2] with an electron beam of 11.7 kV and 120 mA, tube length of 1.2 cm, and an average circuit pitch of 0.02 cm, x = 240, Δ = 4, C = 0.0197, b 0 = 0.36, and QC = 0. Again good agreement between the three approaches for calculating the mean was observed; agreement is also good between the perturbative and numerical approaches for the standard deviation; results for the standard deviation using the Ricatti approach are not yet available. As QC increases from zero, the agreement between the three approaches deteriorates. A possible explanation is that a nonzero QC would enlarge the range of b in which the amplifying wave would have a reduced or even zero gain, in which case all three waves according to the Pierce dispersion relation would have comparable amplitudes, violating the basic assumption behind the Riccati approach. 
